ABSTRACT The cross-section problem for the symplectic Stiefel manifolds is solved, using the now-proved Adams conjecture.
Introduction.
Let Sp(») be the symplectic group and W . = Sp(n)/Sp(n -k) the symplectic Stiefel manifold. For k > m one has an obvious map p: W , -» V , which is a fiber map with fiber W . The purpose of this paper is to give a complete description of the values of n, k and m fot which the map p has a cross-section.
The corresponding problem for the orthogonal Stiefel manifolds is already completely solved (Adams 1962 , Eckmann-Whitehead 1963 , as is the unitary case (Adams-Walker 1965 , Suter 1966 ), the most famous contribution being Adams' solution of the vector field problem on spheres [l] . For the symplectic Stiefel manifolds, the explicit results previously known can be stated as follows:
(i) The map p: Wn 2 -» W^ l = S "~ has a cross-section if and only if n is a multiple of 24. This result is due to I. M. James [lO] .
(ii) For k > m > 2, the map p: W . -» W does not have a cross-section.
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For this result see [12, p. 203 ].
We shall dispose of the remaining cases, i.e. the cases with m = 1, k > 2, by the following theorem.
Theorem. The symplectic Stiefel fibring p: W k~*w j has a cross-section if and only if one of the following two equivalent conditions holds:
(I) For each integer j with 0<j<k~l the coefficient a. of z7 in is an integer if j is even and an even integer if j is odd. (sh~ denotes the inverse of the hyperbolic sine.) (II) n is a multiple of the integer c., called quatemionic James number, which is defined by its decomposition into prime powers as follows:
i^2(cfe) -max (2& -1, 2s + u2(s)), 1 < s < k -1, s ick) = max it + vpit)), 1 < t < RiZ-il, p odd < 24, VP vp'ck> = °» p odd > 2£.
(TAe integer v (q) is the exponent of the prime p in the prime power decomposition of q.)
We observe in particular that c, is divisible by all primes less than 2k. The number c, is equal to 24, this is James' result mentioned above. Comparing c, with the (known) complex James number b2, one obtains that c. is either equal to b2k or to lAb2,. A closer study of the relation between c, and b2, shows:
for k odd, c, is always equal to Vib,,. On the other hand if k is even, there are cases with c, = b2, and such with c, = lAb2k. In approximately 63% of all cases
we have c, = lÁb2k.
The proof of the theorem is based on techniques developed by Adams and Walker in the unitary case [3] . Denoting by KO(X) the real K-theory of a finite CW-complex X and by /: XO(X) -» J(X) Atiyah's /-homomorphism, we state the following two theorems, which are the starting point of our study. We first show that condition I of our theorem expresses the fact that 72 is a multiple of the order of /(£) in ¡(HPk~X). This is done in §1 and §2, using the group ]'(HP -) [3] . (Using Quillens proof of the Adams conjecture [12] we get an isomorphism /(HP**1) = j'(HPk~1).) In §3 we then show that condition I is equivalent to condition II. The final section is devoted to an investigation of the relationship between c, and A.,.
Preliminaries.
In this section we put together all the facts we need about ordinary cohomology and K-theory of the ^-dimensional quaternionic right projective space HP .
Let CPm be the T72-dimensional complex projective space. The classical (1.0) s2 -Í» CP2q+l -t HPq.
It will turn out that g induces injections in ordinary cohomology as well as in Ktheory. So we might regard H*(HP"; Z), H*(HP"; Q), KU(HP9) and K0(HPq) as subrings of the corresponding rings of CP 9* , which are well known [3] .
Let b e H2(CP2q+l; Z) be the canonical generator and let a e H4(HP9; Z) The fiber S of (1.0) is totally nonhomologous to zero (i.e. i is onto). By the usual spectral-sequence argument, it follows that g : H (HP9; R) -» H (CP 9* ; R) is injective and that we can choose the generator a such that g*(a)^b2.
We write ß fot the canonical complex line bundle over CP 9 + and ß tot its complex-conjugate. This fact is well known and can be proved by direct computation of the total spaces of the bundles involved (see also [7, 9.6] ).
We turn now to the computation of the complex /(-theory of HP9 and set /i = /S-l eKUiCP2q+l), jz«=/3-l eKUiCP29+l), v = a-2 e KUÍHP9). Proof. Since HP9 is torsion free we get with [5] that KU(HP9) is a free abelian group of the same rank as Heven(HP9; Z), which by (1.1) is a + 1.
With (1.2) we deduce g(v) = p + p = p + higher powers ofzJtQ¡ = -/Jt+zx -
generate a direct summand of rank q + 1 in the free abelian group KU(CP2q+l), and the proposition is proved.
Next we determine the real X-theory of HPq. We shall prove that the complexification c: X0(HPq) -KU(HPq) is injective, i.e. XO(HPq) can be regarded as subring of XU(HPq).
To begin with, note that for the element v = a -2 £ KU(HPq) one has
This is seen as follows. (A reference for the above remarks is [8, §3l .)
The following proposition contains the information we will need about the ring KO(HPq). Proof. Working with the cofibration HPq~l -¿ HPq -£*S*q we proceed by induction on q. For HP -S4 the proposition is a consequence of [6, (3.15) ].
We then consider the exact cohomology sequence (1) n-J(ra)=0in](HPk-1). Ím; max(r + v (r)), 1 < r < [(2k -l)/(p -l)], p < 2k -1, p>2k.
Next we deal with the prime 2 and show (ii) v2(n)>maxs(2k -1,2s + v2(s)), 1 <s<k-l.
We postpone the proof of (3.3) for a moment. Referring to (3.0), (3.2) and (3.3) we obtain the following theorem, which constitutes the second part of our main result stated in the introduction. Now we turn to the proof of (3.3). To begin with we provide two lemmas. Working with the equations (3.6) we will prove (3.7) Lemma. // v2(n) > 2/ -1, then v2(n) = 2/ + u2ij) + v2(a in)).
Proof. The proof is by induction over /'. For /' = 1 we have ax(n) *■-n/12
and hence v2(ax(n)) = v2(n) -2. (By N we denote the set of integers > 1.)
Before giving the proof, let us draw some simple consequences illustrating the result. Proof of Theorem (4.1 ). We first recall from Theorem (3.4) that v7icA= max Í2k-1, 2t + vAt)) = max Í2k -1, r + vAr) -l). We then show that the following four properties of an integer k > 2 ate equivalent.
(ii) v2(b2k)>2k-l.
(Hi) There exists an integer s with 0 < s < k and k a s (mod 2 ~ ).
(iv) k£A.
The equivalence (i) «=» (ii) follows immediately from the comparison of vJjcA and vTÍb2A). The equivalence (iii) «(ivHs trivial.
(ii) -» (iii). If v2ib2¡) > 2k -1 there exists an even integer r with 1 < r < 2k -1 and r + i/2(r) > 2& -1. Putting r = 2k -2s we obtain the existence of s with 0< s < k and 2/fe -2s + vA2k -2s) > 2k -1. This last condition is equiva- 
